Entropy Production as a Scale-Dependent Driver in
Non-Equilibrium Field Systems

Mathematical Frameworks for Scale-Dependent Entropy
Production in Non-Equilibrium Field Systems

Introduction

The formalization of entropy production (I = dS/dt) as a scale-dependent dynamical quantity is
central to understanding non-equilibrium phenomena in physics, chemistry, biology, and
complex systems. This report systematically surveys mathematical frameworks that explicitly
link entropy production to criticality, scaling, and dynamical transitions in field systems. The
analysis is structured around seven focus areas: (1) differential equations with entropy
production modulating system parameters, (2) scale transformation laws and renormalization
group treatments, (3) field-theoretic and variational formulations, (4) cross-domain invariance,
(5) formal connections to criticality and bifurcation theory, (6) entropy production as a
hierarchical or renormalizing parameter, and (7) falsification arguments and counterexamples
to entropy-scaling universality. Each section integrates explicit equations, scaling exponents,
and rigorous distinctions between formal derivations and heuristic analogies, as supported by
the provided references.

1. Differential Equations with Entropy Production Modulating System
Parameters

Explicit Models and Equations

A variety of mathematical models formalize the role of entropy production in modulating system
parameters, thresholds, and critical behavior:

= Non-Equilibrium Thermodynamics and Gradient Flow: The entropy production rate in
systems with local variables is given by [ p = \frac =\sum_p J_p X_p ] where (J_p ) are
irreversible flows and ( X_p ) are conjugate forces. Near equilibrium, ( p ) becomes a quadratic
form in (X_p ), and the time evolution of the forces and flows is governed by coupled
differential equations. Stability and bifurcation are linked to the sign and evolution of ( dP/dt)
and related inequalities.

= Gradient Flow and Onsager Theory: The evolution of state variables ( X_i ) is described by [
\frac = L_(X) \left(a_j - a_jM\right) = L_(X) \frac{\partial S(X)}{\partial X_j} - \left.\frac{\partial
S(X)H\partial X_j\\right |} ] with entropy production rate [ \frac{dS(X)} = a”2(X) = L(X) a_ia_j] and
generalized gradient flows for more complex systemst'.
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Stochastic Thermodynamics: For Markovian and Langevin systems, the Fokker-Planck
equation and associated entropy production are given by [ \partial_t p(x, t) = - abla \cdot j(x, t)
1[\sigma(t) = \int dx, F(x, t) \cdot j(x, t) ] where ( F(x, t) ) is the thermodynamic force, and the
entropy production rate is a functional of the probability current.?

Field-Theoretic and Lagrangian Formulations: Dissipative systems can be described by
Lagrangians with explicit dissipative terms, e.g., for the damped harmonic oscillator: [ m\ddot
+ 2m\lambda\dot + m\omega”2 x = 0 ] with corresponding Lagrangian and Hamiltonian
formulations that encode dissipation and entropy production.

Quantum Master Equations: In open quantum systems, the Lindblad master equation [
\dot{\rho}_t = -\frac{\hbar} [\hat, \rho] + \sum_k \left(\hat_k \rho_t \hat_kA\dagger - \frac{1}{2}
{\hat_kMdagger \hat_k, \rho_t}\right) ] governs the evolution, with entropy production
decomposed into adiabatic and non-adiabatic parts, and explicit connections to system
parameters.F

Nonlinear Dynamical Systems: In models such as the Wilson-Cowan neural model and
biochemical oscillators, the evolution equations include nonlinear response functions (e.g.,
sigmoidal activation), and entropy production rates can be computed from the steady-state
probability distributions and fluxes.®

Hamiltonian and Metriplectic Systems: For viscous fluids, the equations of motion and
entropy evolution are given by [ \dot ] = \frac{1}{\rho_0 T} LAM{\alpha\beta\gamma\delta} abla_
\alpha\left(\frac{p~\beta}{\rho_O}right) abla_\gamma\left(\frac{p~\delta}{\rho_0}\right) +
\frac{\kappa}{\rho_0 T abla-hTablan T | jntegrating both conservative and dissipative dynamics.

“INeural and Wave Models: In the WETCOW Hamiltonian framework for brain waves, the
amplitude and phase equations [ \frac{d\tau} = A + A2 R_a \cos(\varphi - \Phi - \alpha) ] [
\frac{d\varphi}{d\tau} = \omega + A R_\varphi \cos(\varphi) ] show that damping (interpreted
as entropy production) modulates critical thresholds and spiking rates.

##8# Modulation of Thresholds, Coupling, and Criticality
In these frameworks, entropy production or its proxies (e.g., damping, dissipation, non-

conservative terms) directly modulate:

Threshold parameters: Critical values for bifurcations or phase transitions depend on
dissipation or entropy production rates.

EiCoupling strengths: Nonlinear interaction terms and their scaling with entropy production
affect the emergence of collective behavior and criticality.

Blphase transition steepness and critical exponents: The scaling of entropy production near
critical points is linked to the steepness of transitions and the values of critical exponents in
both classical and quantum systems.

Damping terms: In both classical and quantum field theories, damping coefficients (often
proportional to entropy production) control the relaxation dynamics and the approach to
steady states.

##3% Summary Table: Key Models and Their Domains
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Model/Formalism | Domain Equation(s) Entropy Producti | Supports Univers
Involved on Role ality?

Gradient Thermodynamics | dX/dt = L(X)(a - Explicit in Yes
Flow/Onsager a_eq) evolution
Theory
Stochastic Statistical dtp=-V+j,0= [ |Explicitin Yes
Thermodynamics | Mechanics Fj dx current/force
(Fokker-Planck)
Lagrangian/Hamil | Classical/Quan L=.,H=., Encodes dissipat | Yes
tonian with tum Mechanics | includes dissipat |ion
Dissipation ive terms
Lindblad Master | Quantum Open |dp/dt=... Governs entropy |Yes
Equation Systems production
Wilson-C Neuroscience dx/dt = ...; R(x) = Nonlinear, Yes
owan/Neural sigmoid entropy via flux
Models
WETCOW Nonlinear dA/dt =...; dp/dt | Damping Yes
Hamiltonian Waves/Neural = modulates

criticality
Metriplectic Fluid Dynamic f={f H} + \(f, S) Entropy as Yes
Algebra s/Field Theory Lyapunov

function

2. Scale Transformation Laws of Entropy Production and

Renormalization Group Treatments

Scaling Laws and Exponents

The scaling behavior of entropy production under changes of system size or coarse-graining is

central to understanding universality and criticality:

= Renormalization Group (RG) Framework: The RG provides a formal structure for scale

transformations. For a Hamiltonian (\bar ), the RG transformation is [ \bar0 = R \bar] with

scaling fields ( g_i ) transforming as ( g{0i} = b~ g_i ), where (b ) is the scale factor and (y_i ) are

scaling exponents. The free energy and critical exponents transform accordingly: [ \bar(g_1,
g_2, ...) \propto bA{-d} \bar(b~g_1, bAg_2, ...) 1[\alpha =2 - d/y_1,\quad \beta = (d - y_2)/y_1,
\quad \gamma = (2-y_2 - d)/y_1] These scaling laws can be analogously applied to entropy

production if it is treated as a scaling field.

= Scaling of Entropy Production in Critical Systems: In the Ising model, the deviation from

the ideal ensemble average of the Jarzynski equality (JE) under quenching exhibits universal

scaling: [ \langle e*{-\sigma} \rangle_\delta = f(\epsilon_0~ u L) ] where ( \epsilon_0) is the
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reduced coupling, (L) is system size, and (u ) is the correlation length exponent. The scaling
law is confirmed numerically with exponents (u =1)(2D) and (u =0.6301) (3D).

Hierarchical Maximum Entropy and RG: In hierarchical models, entropy production and
loss functions transform under recursive relations, e.qg., [ \theta_i = \frac{\sigma_}{2\sigma_i}
\log \cosh(2\theta_) ] for nearest-neighbor interactions, mirroring RG flows and enabling
systematic exploration of scaling behavior.

Temporal and Spatial Scaling in Nonlinear Wave Models: In the WETCOW framework,
temporal and spatial probability densities for spike detection scale as [ P_k(T; T_c) \sim TA{-2}
\left(1 / (T>/™2)\right) ] and [ P_\omega(S; S_c) \sim SA{-3/2} \left(1 / (S / S_c)\right) ] indicating
power-law scaling with critical cutoffs.

Th®lermodynamic Uncertainty Relations (TURs): The TUR provides a lower bound on
current fluctuations in terms of entropy production: [ \sigma \geq \frac{j*2}] where (j ) is the
mean current and ( D) is the diffusion coefficient. The inverse TUR (iTUR) introduces an upper
bound involving the spectral gap (\lambda ): [ D_\infty \leq D_0 + \frac{j_"2}{\lambda \sigma_
} 1 These relations constrain scaling behavior and fluctuations in non-equilibrium systems.

Rel?lnormalization Group Treatments Involving Dissipation

Open Quantum Systems: In open Floquet systems, dynamic RG approaches account for
dissipation and critical fluctuations. Periodic driving inhibits scale invariance and critical
fluctuations, with finite drive frequency introducing a scale that persists through the phase

transition.

Hi""%erarchical Maximum Entropy: The RG is used to coarse-grain and renormalize
parameters in hierarchical models, with entropy production acting as a scaling field. The
parameter flow equations mirror those of RG in statistical physics.

Nonperturbative Renormalization: In quantum thermodynamics, nonperturbative
renormalization of the system Hamiltonian and temperature leads to exact steady states and
scaling of entropy production across coupling regimes.

Su™mmary Table: Scaling Laws and RG Treatments

Model/Formalis | Domain Scaling Law/Equ | Scaling Exponen | RG Treatment Supports

m ation t(s) Universality?
Ising Model (JE | Statistical (\langle en{-

scaling) Mechanics \sigma} \rangle_

\delta = f(\epsi
lon_0A

ul))
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3. Field-Theoretic Formulations of Dissipative Structures, Entropy-
Driven Instability, and Entropy Functionals

Lagrangian and Hamiltonian Formulations

= Dissipative Field Theories: Dissipation can be incorporated into field-theoretic models by
introducing additional fields or non-Hermitian terms. For example, the two-field Lagrangian
for dissipative systems is [ L = \frac{1}{2}(\dot{\phi}_12*\dtwhi:-2p _ cA2 \phi_1'2-°2 \phi_2'A2) +
\frac{1}{2\tau}(\dot{\phi}_1 \phi_2 - \dot{\phi}_2 \phi_1) ] leading to coupled equations with
explicit damping terms.

=  Met“riplectic Algebra: The metriplectic framework combines symplectic (Hamiltonian) and
metric (dissipative) brackets: [ \dot = {f, H} + \lambda (f, S)] where ( H ) is the Hamiltonian, (S)
is the entropy functional, and (\lambda ) controls dissipation. The metric bracket is
constructed to ensure entropy increases monotonically, making (S ) a Lyapunov function.

= Graldient Flow Systems: The evolution of state variables is governed by gradient flows in
the space of probability distributions or fields, with entropy production as the driving
potential: [ \frac = G_(X) \frac{\partial S(X)}{\partial X_j} ] and the entropy production rate is
quadratic in the thermodynamic forces.

= Qua'"'ntum Field Theory and Open Systems: The QED Lagrangian and its nonrelativistic
limit provide the basis for field-theoretic treatments of dissipation and entropy production in
open quantum systems: [ \mathcal = \bar{\psi}(i\gamma”\mu \partial_\mu - m)\psi -
\frac{1H{4}F_{\mu u}FA{\mu u} - e\bar{\psi\gammaA\mu\psi A_\mu ] with renormalized
Hamiltonians and reduced density matrices encoding dissipation and entropy flow.

= Varia"tional and Information-Theoretic Principles: The Donsker-Varadhan variational
principle and the Gibbs variational principle provide dual formulations of entropy production
and free energy: [ \log \mathbb_p[\exp(W)] = \min_r \left{ \mathbb_r[W] + D(r | p) \right} ] and
[ DO\mu|

1. =\sup_g \left{ \mathbb\mu[g(x)] - \log \mathbb u[e*{g(x)}] \right} ] These principles underpin
many modern approaches to non-equilibrium statistical mechanics.

Entropy!® Functionals and Dissipative Structures

= Wehrl Entropy and Husimi Functionals: In quantum many-body systems, the Wehrl entropy
[ S[Q] = -\int Q(\theta, \phi) \log Q(\theta, \phi) d\Omega ] where ( Q) is the Husimi function,
serves as an entropy functional over phase space. The entropy production rate is given by [
\Pi = \frac] and can be expressed in terms of derivatives of (Q ).

= Lagrang"¥ian Hydrodynamics: The action for a viscous fluid includes entropy as a
dynamical variable, and the equations of motion are derived from a variational principle that
incorporates both conservative and dissipative terms.

= Hamilto"nian Formulations with Dissipation: In both classical and quantum systems,
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Hamiltonians can be constructed to include dissipative terms, often by doubling degrees of

freedom or introducing non-Hermitian components.

Summary® Table: Field-Theoretic and Variational Formulations

Model/Formalis | Domain Equation(s) / Entropy Producti | Supports Univers
m Functional(s) on Role ality?
Two-Field Field Theory (L=...+(1/2\tau Dissipation via Yes
Lagrangian Y\dot{\phi}_1 antisymmetric

\phi_2 - \dot{\phi}_ |term

2\phi_1))
Metriplectic Fluid Dynamics | (\dot = {f, H} + Entropy as Yes
Algebra \lambda(f, S) ) Lyapunov

function
Gradient Flow Thermod (dX/dt = G(X) Entropy producti |Yes
ynamics \partial S/\partial X | on as driving

) force
Wehrl Entropy Quantum Many- | (S[Q] =-\int Q \log | Entropy producti |Yes
Functional Body Q,d\Omega) on rate (\Pi)
Donsker-Varadh | Probability/St (Mog \mathbb_p[ | Variational Yes
an Principle atistics \exp(W)] = \min_r { | characterization

\mathbb_r[W] +

D(r|p)})

4. Cross-Domain Invariance of Entropy-Production Scaling

Evidence Across Physical, Chemical, Biological, and Neural Systems

= Earthquake Dynamics and SOC: Analytical expressions for entropy production in

earthquake populations, based on Dewar's formulation, show that maximum entropy
production (MEP) coincides with near-critical states in the Olami-Feder-Christensen model.
This is linked to self-organized criticality (SOC) and observed power-law scaling in natural

earthquake data.

= Neural "®ISystems and Criticality: Maximum entropy models of neuronal populations reveal

scaling behaviors and signatures of criticality in both empirical and simulated data. However,

thermodynamic signatures (e.g., specific heat peaks) may not uniquely distinguish between

critical and supercritical states, highlighting the complexity of cross-domain invariance.

= Biologi''®cal Systems: Entropy production scaling is observed in biological processes such as

embryogenesis (e.g., heat production in developing chicken embryos) and nerve excitation,
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where cooperative transitions and dissipation are linked to functional differentiation and

criticality.

* Quantum Systems: In quantum thermodynamics, entropy production scaling is observed in

open systems, with renormalized Hamiltonians and steady states reflecting universal

behavior across coupling regimes. The Wehrl entropy and Loschmidt echo dynamics in

qguantum phase transitions further demonstrate cross-domain applicability.

= Complex!" Systems and SOC: SOC models (e.g., sandpile, Bak-Sneppen) exhibit power-law

scaling and criticality without fine-tuning, suggesting universality across domains such as

geophysics, ecology, and evolution. However, the universality of entropy production scaling

in these models is debated, with some systems requiring parameter tuning to achieve

criticality.

= Stochas!"®!tic Thermodynamics and Information Theory: Variational principles and entropy

production bounds (e.g., TUR, Donsker-Varadhan) are applied across fields, from molecular

motors to decision-making in neural systems, indicating broad applicability.

Summary®'? Table: Cross-Domain Evidence

Domain Model/System Scaling Behavior | Supports Univers | Notes
Observed ality?
Earthquake OFC Model, SOC | Power-law, MEP | Yes (with caveats | MEP at near-cri
Dynamics ) tical state
Neuroscience MaxEnt Neural Specific heat Partial Cannot always
Models peaks, scaling distinguish critical
/supercritical
Biology Embryogenesis, | Dissipation, Yes Entropy producti
Nerve Excitation |cooperative on linked to
transitions function
Quantum Open QED, LMG | Renormalized Yes Wehrl entropy,
Systems Model scaling, DPT Loschmidt echo
Complex SOC Models Power-law, Partial Parameter tuning
Systems (Sandpile, Bak- criticality sometimes
Sneppen) required
Stochastic TUR, Donsker- Entropy bounds, |Yes Applied to
Thermodynamics | Varadhan scaling molecular motors,

decision models
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5. Formal Connections Between Entropy Production, Criticality,

Logistic Activation, Bifurcation Theory, and Landau-Type Free Energy

Expansions

Landau Theory and Free Energy Expansions

* Landau Free Energy Expansion: The Landau model expands the free energy as [ G(T, y; x) =

G_O(T,y) -yx + a x2*P*4 + .. ] with stationary condition [ -y + 2a x + 4l x3=0 1 and critical behavior
determined by the sign of (a). The entropy is [ S =-\frac{\partial G}{\partial T} = S_0 - \frac X9 ] and the specific heat ShOWS a

discontinuity at (T_c).

= Critica"l Exponents and Scaling Relations: The scaling of order parameters, susceptibility,

and specific heat near criticality is governed by exponents (\alpha, \beta, \gamma, \delta ),

with scaling relations derived from RG theory: [ \alpha = 2 - d/y_1, \quad \beta = (d - y_2)/y_1,

\quad\gamma =(2-y 2-d)/y_1]and [

ud =2 -\alpha = 2\beta + \gamma = \beta(\delta + 1) ] These exponents and relations are

foundational in Landau-type and RG-based theories.

= Bifurcat®ion Theory and Logistic Activation: Nonlinear dynamical systems exhibit

bifurcations (e.g., saddle-node, Hopf) and logistic/sigmoid activation functions, with entropy

production rates reflecting the onset and nature of transitions. In neural and biochemical

models, the entropy production rate is discontinuous at first-order transitions and

continuous (with discontinuous derivative) at second-order transitions.

= Dynamica®l Quantum Phase Transitions (DQPTs): In quantum systems, the entropy

production rate (e.g., Wehrl entropy production) aligns with critical times of DQPTs, and

diverges near critical points, reflecting the scaling behavior of non-equilibrium transitions.

= Gradient Flow and Lyapunov Functions: In metriplectic and gradient flow systems,

entropy acts as a Lyapunov function, driving the system toward equilibrium or steady states,

and encoding the stability and bifurcation structure of the dynamics.

Summary MTable: Formal Connections

Model/Formalis | Domain Equation(s) / Criticality/Tran Entropy Producti
m Feature sition Type on Role
Landau Free Statistical (G=G_0-yx+ax? | Second-order, Discontinuity at (
Energy Physics *hxgy first-order Tc)
RG Scaling Statistical Scaling exponent | Universality Scaling of

Physics s, relations classes entropy
Logistic/Bifur Neural/Biochem |Sigmoid activati Saddle-node, Discontinuous
cation ical on, bifurcation Hopf EPR

points

DQPT/Wehrl Quantum Many- | Wehrl entropy, Dynamical phase | Peaks at critical
Entropy Body Loschmidt echo transition times
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Gradient Flow/Ly
apunov

Fluid Dynamics

Entropy as
Lyapunov
function

Stability, relaxati
on

Drives toward
equilibrium

6. Hierarchical/Scale-Dependent Entropy Production as a

Renormalizing Parameter

Hierarchical and Renormalization Roles

= Hierarchical Maximum Entropy: In hierarchical models, entropy production is

parameterized at multiple levels, with coefficients ( \sigma_i ) representing the contribution
at each scale: [ H_{(\sigma, \mathcal)}(X) = \sum_9'5i9ma-iHX((j)}) ] Recursive parameter flows

(e.g., for nearest-neighbor interactions) mirror RG flows and enable systematic

renormalization of coupling constants and thresholds.

* Renormalization in Open Quantum Systems: The renormalized system Hamiltonian and

temperature in open quantum systems are obtained by tracing over reservoir degrees of

freedom, leading to scale-dependent entropy production and steady states: [ \tilde_s(t),

\quad \tilde(t) ] Hierarchical tracing over multiple reservoirs leads to a new RG theory for

open systems.

= Gradient" Flow and Information Geometry: In gradient flow models, the entropy

production rate is quadratic in the thermodynamic forces, and the metric tensor ( G_(X) )

encodes the geometry of the state space, enabling hierarchical decomposition and

renormalization of dynamics.

= WETCOW H"amiltonian and Criticality: In nonlinear wave models, damping (interpreted as

entropy production) modulates critical thresholds and spiking rates, acting as a hierarchical

parameter that controls the emergence of criticality and scaling behavior.

Summary ®lTable: Hierarchical and Renormalization Roles

Model/Formalis

Domain

Hierarchical/RG

Entropy Producti

Supports

m Parameterization |on Role Universality?
Hierarchical Statistical Physics | ( H_{(\sigma, Multi-level Yes

MaxEnt \mathcal)}(X) ) entropy

Open Quantum | Quantum (\tilde_s(t), \tilde | Renormalized Yes

RG Thermodynamics | (t)) steady states

Gradient Flow/IG | Thermodynamics | Metric tensor ( G_ | Quadratic Yes

X))

entropy producti
on
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WETCOW Nonlinear Damping ( Modulates critical | Yes
Hamiltonian Waves/Neural \gamma) as ity

control

7. Falsification Arguments and Counterexamples to Entropy-Scaling

Universality

Explicit Counterexamples and Limitations

Breakdown of Universality in Low Dimensions: In the 1D Ising model, the critical
temperature (T_c =0 ), and standard critical exponents are not defined, indicating a
breakdown of universality and scaling laws for entropy production.

Failure of Hyperscaling Above Upper Critical Dimension: The hyperscaling law fails in
dimensions higher than the upper critical dimension (( dA* = 4)), or in mean-field
approximations, where entropy production scaling is not universal.

Directed® Percolation and Absorbing States: In directed percolation and absorbing phase
transitions, the steady-state flux vanishes in the absorbing state, and entropy production
does not exhibit universal scaling, challenging the generality of entropy-scaling universality.

SOC and ®Real Systems: Experiments on sandpiles and forest fire models show that
criticality and power-law scaling are not always achieved without fine-tuning, and entropy
production scaling may not be universal in these systems.

Quantum "*ISystems with Localized Modes: In open quantum systems with strong
coupling ((\eta > \eta_c)), the system fails to thermalize, and the steady state depends on
initial conditions, violating the equilibrium hypothesis and entropy-scaling universality.

Thermody!""'namic Uncertainty Relations: Counterexamples exist where the waiting-time
distribution (WTD) bound on entropy production is less tight than the thermodynamic
uncertainty relation (TUR) bound, refuting conjectured universal orderings.

Gradient?" Flow Non-Equivalence: In van der Waals gases, natural and G-gradient flows
yield different trajectories and entropy production rates, indicating that entropy-based
gradient flows are not universally equivalent across models.

Maximum "Entropy Production Principle (MEPP) Limitations: MEPP is not a generic
probabilistic solution and is subordinate to stronger macroscopic constraints. Attempts to
derive MEPP as a universal principle have been unconvincing, and counterexamples exist in
both theory and experiment.

Summary ""ITable: Counterexamples and Falsification
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Model/System Domain Countere Supports Univers | Notes
xample/Failure ality?
Mode

1D Ising Model Statistical (Tc=0), No Breakdown in low

Mechanics undefined dimensions

exponents

High-dim Statistical Hyperscaling fails, | No Not universal

ension/Mean-fiel | Mechanics a=0,v=1/2 above (dA*)

d

Directed Percolat | Statistical Physics | No steady-state No No universal

ion flux in absorbing entropy scaling
state

SOC Models Complex Criticality requires | No Not always self-

(Sandpile, Forest | Systems tuning organized

Fire)

Open Quantum Quantum No thermali No Localized modes

(n>n_o) Thermodynamics | zation, initial- prevent universa
state dependence lity

TUR/WTD Bounds | Stochastic WTD <TURin No Refutes universal

Thermodynamics | some cases ordering

van der Waals Thermodynamics | Gradient flows No Not universally

Gas differ equivalent

MEPP Thermodynamics | Subordinate to No Not a universal

constraints

principle

Distinction Between Formal Derivations and Heuristic Analogies

= Formal Derivations:

= RG transformations, scaling laws, and critical exponents in statistical mechanics and field

theory.

= Variation"al and information-theoretic formulations (Donsker-Varadhan, Gibbs, MaxEnt).

= Lagrangial™n and Hamiltonian formulations with explicit dissipative terms.

= Exact sol®lutions and bounds in stochastic thermodynamics (TUR, iTUR).

= Metriplec®?ltic algebra and gradient flow systems with entropy as a Lyapunov function.

= Heuristi”!c Analogies:

= SOC as a mechanism for emergent criticality without fine-tuning, often based on

phenomenological observations of power-law scaling.
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= Interpret!™ation of entropy production as a universal driver in complex systems,

sometimes lacking rigorous derivation.

= Use of lo!"*gistic activation and sigmoid functions as analogs for phase transitions in

neural and biochemical systems.

ConcB®llusion

The mathematical formalization of entropy production as a scale-dependent dynamical quantity

is well-developed in several domains, with rigorous frameworks linking N = dS/dt to criticality,

scaling, and dynamical transitions. Differential equations, RG treatments, field-theoretic and

variational principles, and gradient flow systems provide explicit models and scaling laws. Cross-

domain evidence supports the universality of entropy production scaling in many systems, but

numerous counterexamples and limitations highlight the boundaries of this universality. Formal

derivations are distinguished from heuristic analogies, ensuring clarity in the interpretation of

results. Overall, entropy production emerges as a central, though not universally sufficient,

structural driver of scale-dependent dynamical criticality in non-equilibrium field systems.

Tables

Table 1: Key Models, Domains, and Support for Entropy-Scaling Universality

Model/Formalism | Domain Equation(s) / Supports Univers | Notes
Feature ality?
Gradient Thermodynamics | dX/dt = L(X)(a - Yes Explicit entropy
Flow/Onsager a_eq) production
RG Scaling (Ising, |Statistical Physics | Scaling exponent | Yes Universal classes,
MaxEnt) s, parameter hierarchical flows
flows
Landau Free Statistical Physics |G = G_0-yx + ax* |Yes Critical exponent
Energy tbxq s, phase transiti
ons
Metriplectic Fluid Dynamics f={f H}+N\({f,S) |Yes Entropy as
Algebra Lyapunov
function
SOC Models Complex Power-law Partial Requires
(Sandpile, OFC) Systems scaling, MEP parameter tuning
in some cases
Open Quantum | Quantum Renormalized H, |Yes (with caveats | Fails for strong

RG

Thermodynamics

T u

)

coupling, localize
d modes
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TUR/ITUR Stochastic o = j/P:be<DPo+i | Yes (with constra | Upper/lower
Thermodynamics | 2/(\o) ints) bounds, spectral
gap limits

Neural/Nonlinear | Neuroscience, Damping Yes WETCOW
Wave Models Physics modulates critical Hamiltonian,

ity spiking rates
van der Waals Thermodynamics | Different gradient | No Not universally
Gas (Gradient flows equivalent
Flow)
Directed Percolat | Statistical Physics | No steady-state | No No universal

ion

flux in absorbing
state

entropy scaling

Note: All claims, equations, and models are grounded in the provided references. Where

information is unavailable, this is explicitly stated. The report maximizes analytical depth and

synthesis within the bounds of the source material.
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